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ABSTRACT
Modeling fast solar wind based on the kinetic theory is an important task for scientists. In this
paper, we present a two-fluid model for fast solar wind with anisotropic Kappa-Maxwellian electrons
and Bi-Maxwellian protons. In the simulation, the energy exchange between the plasma particles and
low-frequency Alfve´n waves is considered. A set of eleven coupled equations is derived by applying the
zeroth- to fourth-order moments of the Vlasov equation and the modified electromagnetic Maxwell
equations. A characteristic of the Kappa distribution (indicated by κ index) is explicit in the equation
for the parallel component of the electron heat flux (parallel to the ambient magnetic field line)
and differs from the equation derived for the proton heat flux due to the different nature of the
distributions. Within the large κ index, the equations for the two-fluid model tend to the equations
obtained by the Maxwellian distribution. Using an iterated Crank-Nicolson method, the coupled
equations are numerically solved for the fast solar wind conditions. We show that at (0.3 - 1) AU
from the Sun, the electron density, components of temperature, and components of heat flux follow
the power-law behavior. We also showed that near the Earth, the flow speed (electron or proton)
increases with decreasing κ. We concluded that applying the small κ index (the non-Maxwellian
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distribution), the extraordinary nature of the solar atmosphere, with its temperature of several
million kelvin temperature for electrons, has been captured.
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1. INTRODUCTION
Cosmic rays and the huge volume of the solar wind plasma continually expose the Earth’s atmo-
sphere and its magnetic fields. The solar wind, flares, and coronal mass ejections show the interactions
with the Earth’s atmosphere and magnetic fields (e.g., geomagnetic disturbances), and may affect the
space weather, communications, navigation systems, and astronauts (Chapman 1929; Parker 1958;
Hartle & Sturrock 1968; Frank 1971; Perreault & Akasofu 1978; Young et al. 1982; Chappell et al.
1987; Gosling et al. 1991; Borovsky & Funsten 2003; Wheatland 2005; Gray et al. 2010; Chane´ et al.
2015; Cranmer et al. 2017; Raboonik et al. 2017; Farhang et al. 2018; Alipour et al. 2019).
Parker (1965) proposed the isothermal model for solar wind. In his model, the proton temper-
ature anisotropy near the Earth plasma was not justified. After Parker (1965), several attempts
have been made to investigate the behavior of the solar wind (Whang & Chang 1965; Durney 1971;
Durney & Roberts 1971; Roberts & Soward 1972). Meyer-Vernet (2007) studied the solar wind from
various perspectives, and Marsch (2006) considered wave-particle interactions in solar wind dynamics.
Observations revealed low values for the density of the solar wind. This wind mostly originates from
the polar coronal holes during the solar minimum (Geiss et al. 1995; McComas et al. 2000, 2008).
The particle distributions for fast solar wind deviate from the Maxwellian distribution (Lin 1980).
Also, the solar wind plasma can be considered collisionless. Kulsrud (1983) presented a formulation
for the collisional and collisionless plasma, which is useful for studying the solar wind.
In the kinetic study of the fast solar wind with non-Maxwellian distributions, the different sets of
coupled equations partly agree with the solar wind observational data (e.g., Demars & Schunk 1990;
Demars & Schunk 1991; Lie-Svendsen et al. 2001; Chandran et al. 2011). Snyder et al. (1997) devel-
oped a set of fluid momentum equations that describe the kinetic Landau damping for the plasma.
They also considered the Coulomb collisions for the particles.
The particle distribution function is a key aspect of the study of the plasma wave-particle interac-
tions and instabilities. For a homogeneous and isotropic plasma, the Maxwellian distribution deter-
mines the macroscopic parameters of the plasma in the thermal equilibrium and collisional condition
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(Bittencourt 2004),
fM =
nm1/2
(2πkBT )1/2
exp
(
−
mv2
2kBT
)
, (1)
where n,m, kB, T, and v represent the number density, particle mass, Boltzmann constant, tempera-
ture, and velocity, respectively. There are usually non-equilibrium conditions in the geophysical and
space plasma, as the collisionless systems and the distributions of some high-energy particles deviate
from the Maxwellian (Livadiotis 2017). With this objective in mind, the Kappa distribution function
was proposed (e.g., Olbert 1968; Vasyliunas 1968; Pierrard et al. 2001):
fκ =
n
(πθ2κ)
3/2
Γ(κ+ 1)
Γ(κ− 1
2
)
(
1 +
v2
κθ2κ
)−(κ+1)
, (2)
θ2κ =
(
1−
3
2κ
)(
2kBT
m
)
,
where κ is an index representing a deviation from the Maxwellian distribution and Γ indicates
the gamma function. Within the limit of large κ (κ → ∞), the Kappa distribution tends to the
Maxwellian one (Pierrard & Lazar 2010; Livadiotis & McComas 2013).
The Bi-Maxwellian distribution could explain the temperature anisotropy for the solar wind protons
(Demars & Schunk 1990; Demars & Schunk 1991; Chandran et al. 2011). The tail (particles with
high speeds and energies) of the electron distribution is well described by the Kappa or power-law
distributions (Zouganelis et al. 2004). The electron distribution can be classified into two categories:
thermal core and suprathermal halo population (Vasyliunas 1968; Pierrard et al. 2001).
Observations showed that the wave turbulence has a significant effect on the propagation of the
solar wind (Coleman 1968). This could be responsible for the heating and acceleration of the solar
wind.
Morton et al. (2015) verified the existence of the Alfve´n wave in the coronal open magnetic field
regions as one of the reasons for the acceleration of the solar wind. The V oyager′s observations gave
evidence for the presence of the Alfve´n wave fluctuations in the solar wind up to 8 AU from the Sun
(Roberts et al. 1987; Bruno & Carbone 2005). Landau damping is an important mechanism for the
Alfve´n wave damping in collisionless plasma (Lysak & Lotko 1996; TenBarge et al. 2013). In this
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mechanism, the oscillatory modes for plasma damp in the collisionless regime of a plasma. In non-
Maxwellian distributions with suprathermal particles, the probability of Landau damping has a high
value (Basu 2009; Pierrard & Lazar 2010; Rudakov et al. 2011; Qureshi et al. 2014). Sharma et al.
(2016) suggested the heating of particles in the inhomogeneous plasma related to the kinetic Alfve´n
wave (KAW) Landau damping.
The existence of anisotropic temperatures in plasma is a major reason for the application of the
non-Maxwellian distribution for the particles. The appearance and growth of instabilities are the
results of deviation from the isotropy temperature (Shaaban et al. 2017).
Hellinger et al. (2006) studied the oblique, mirror, and oblique firehose instabilities using the WIND
/SWE observational values and the temperature ratio (the ratio of the perpendicular component of
temperature to the parallel component). Kasper et al. (2006) showed that the mirror and cyclotron
instabilities control the anisotropy for T⊥p/T‖p > 1, and that the firehose instability controls the
anisotropy for T⊥p/T‖p < 1. The several instability mechanisms and wave turbulences in the solar
corona and solar wind have been widely investigated (e.g., Chandran 2018; Shoda et al. 2018a,b).
Chandran et al. (2011) proposed a 1D, two-fluid model for the solar wind. They considered
Maxwellian and Bi-Maxwellian distribution functions for the electrons and protons, respectively.
They derived a set of coupled equations for the protons in parallel and perpendicular to the ambient
magnetic field direction. The equations for quantities related to the system of electrons are also
coupled with equations corresponding to the system of protons. They considered the low-frequency
Alfve´n wave in the wave-particle interactions and calculated heating rates of protons in two direc-
tions and the total heating rate of electrons. By applying the moments of the Vlasov equation, they
derived a set of eight coupled equations. The set of equations in the solar wind conditions was solved
with the Hu et al. (1997) method.
In this paper, we extend the Chandran et al. (2011) model for the fast solar wind in the framework
constructed by Snyder et al. (1997) by applying the Kappa-Maxwellian distribution for electrons
instead of the Maxwellian distribution. Consequently, we obtain separate equations for the compo-
nents of electron temperature and heat flux. Using the zeroth- to fourth-order moments of the Vlasov
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equation, we derive a set of eleven coupled equations (instead of the 8 coupled equations given by
Chandran et al. (2011)).
We solved the equations by applying the Iterated Crank-Nicolson (ICN) numerical method. Dis-
cretizing equations with the ICN method has second-order accuracy in space and time, which offers
accurate computational results.
The details of the derivation of the set of the coupled equations for the present two-fluid model are
given in Section 2. The instabilities driven by temperature anisotropy are presented in Section 3.
Calculations of the heating rate for electrons and protons are provided in Section 4. In Section 5, we
present a numerical method for solving the 11 coupled equations. Numerical results are presented in
Section 6, and they are compared with observations and previous studies. A conclusion is given in
Section 7.
2. EQUATIONS OF THE TWO-FLUID SOLAR WIND MODEL
The formulation of the present model for the collisionless magnetohydrodynamics (MHD) is based
on Kulsrud (1983). For this purpose, a thin open magnetic flux tube originating from a solar coronal
hole along with the solar radii is considered. A cylindrical coordinate with the z-axis along the
magnetic field is used (Figure 1). The Sun’s rotation is not considered in the calculations.
The fundamental variables are as follows: the mass density ρ, the fluid velocity U = vE + u‖bˆ
(which is the same for electrons and protons), the magnetic field B, the proton distribution function
fp, the electron distribution function fe, and the parallel component of the electric field E‖ = bˆ.E
(bˆ = B/B is a unit vector along the magnetic field). After that, we used the notation used by
Chandran et al. (2011).
In Kulsrud’s formulation, the Vlasov equation is given by (Kulsrud 1983; Snyder et al. 1997)
∂
∂t
(fsB) +∇.[fsB(v‖bˆ+ vE)] +
∂
∂v‖
× [fsB(−bˆ.
DvE
Dt
− µbˆ.∇B +
esE‖
ms
)] = 0, (3)
where s indicates particle species (p for proton and e for electron), fs is the particle distribution
function, ms and es are the mass and charge, and v is the velocity of the particle (v‖ = bˆ.v, vE =
c(E×B)/B2, µ = v2⊥/2B).
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The total derivative is defined by D/Dt = ∂/∂t + (v‖bˆ+ vE).∇. The distribution function (fs) is
a function of position r (heliocentric distance in the solar wind model), time t, magnetic moment µ,
and the parallel component of velocity v‖.
The collisionless MHD equations can be derived by evaluating different orders of the velocity mo-
ments (Equation 3) and the modified electromagnetic Maxwell equations. Given the limit of low
Alfve´n speed ( v2A ≤ c
2), the continuity and momentum equations are given by (Snyder et al. 1997),
∂ρ
∂t
+∇(ρU) = 0, (4)
ρ
(
∂U
∂t
+U.∇U
)
=
(∇×B)×B
4π
−∇.P−
GM⊙ρ
r2
bˆ−
1
2
∂EW
∂r
bˆ. (5)
The third and fourth terms on the right side of Equation (5) are the gravitational acceleration and the
Alfve´n wave pressure force, respectively. The pressure tensor P can be written as (Goedbloed et al.
2004),
P =
∑
s
p⊥s(I− bˆbˆ) +
∑
s
p‖sbˆbˆ, (6)
where I is an unit dyadic. The parallel and perpendicular components of the pressure tensor are
given by
p⊥s :=
ms
2
∫
fsv
2
⊥d
3v, (7)
p‖s := ms
∫
fs(v‖ − U‖)
2d3v. (8)
The number density is defined as
ns :=
∫
fsd
3v. (9)
The induction equation is introduced by
∂B
∂t
= ∇× (U×B). (10)
In the lowest order in 1/e, the electrostatic Poisson equation for charges and number densities is
reduced to the condition,
∑
s esns = 0 (Kulsrud 1983). Furthermore, we assume n = np = ne. The
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electron contribution to mass density is not considered, and the total mass density is ρ = nmp. The
perpendicular pressure p⊥s satisfies (Snyder et al. 1997; Sharma et al. 2006; Chandran et al. 2011),
ρB
d
dt
(
p⊥s
ρB
) = −∇.(q⊥sbˆ)− q⊥s∇.bˆ+
νs
3
(p‖s − p⊥s), (11)
where νs is the Coulomb collision frequency for the energy exchange between particles. Moreover,
the parallel component of pressure p‖s obeys
ρ3
2B2
d
dt
(
B2p‖s
ρ3
) = −∇.(q‖sbˆ) + q⊥s∇.bˆ+
νs
3
(p⊥s − p‖s), (12)
where the perpendicular and parallel components of the heat flux are defined by
q⊥s :=ms
∫
fsµB(v‖ − U‖)d
3v, (13)
q‖s :=
ms
2
∫
fs(v‖ − U‖)3d3v. (14)
The perpendicular heat flux q⊥s is given by
ρ2
d
dt
(
q⊥s
ρ2
) + νsq⊥s=−∇.(r‖⊥bˆ) +
p⊥s
ρ
bˆ.∇p‖s (15)
+ [
p⊥s(p‖s − p⊥s)
ρ
+ r⊥⊥ − r‖⊥]∇.bˆ,
and for q‖s is
ρ4
B3
d
dt
(
B3q‖s
ρ4
) + νsq‖s=−
1
2
∇.(r‖‖bˆ) +
3p‖s
2ρ
bˆ.∇p‖s (16)
+
3
2
[
p‖s(p‖s − p⊥s)
ρ
+ r⊥‖]∇.bˆ.
The fourth-order moments of the Vlasov equation (r⊥⊥, r‖⊥, r‖‖) are introduced by
r⊥⊥ := ms
∫
fsµ
2B2d3v, (17)
r‖⊥ := ms
∫
fsµB(v‖ − U‖)
2d3v, (18)
r‖‖ := ms
∫
fs(v‖ − U‖)
4d3v. (19)
We consider the Kappa-Maxwellian distribution function for the electrons as follows:
fe = fκM(v‖, v⊥) =
n
π3/2θ2⊥eθ‖e
Γ(κ+ 1)
κ3/2Γ(κ− 1
2
)
(
1 +
(v‖e − U‖e)2
κθ2‖e
)−κ
exp
(
−
v2⊥e
θ2⊥e
)
, (20)
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where the parallel and perpendicular components of the thermal velocities are defined as
θ‖e =
(
2κ− 3
κ
) 1
2
(
kBT‖e
me
) 1
2
, θ⊥e =
(
2kBT⊥e
me
) 1
2
.
For the Kappa distribution, the spectral index κ is a free parameter and varies from 1.5 to infinity
(Pierrard & Lazar 2010). The Bi-Maxwellian distribution function for protons is introduced by
fp = fBM =
nm
3/2
p
(2πkB)3/2T⊥pT
1/2
‖p
exp
(
−
mpµpB
kBT⊥p
−
mp(v‖p − U‖p)2
2kBT‖p
)
. (21)
In the reminder of this section, we explore the explicit effects of the electron and proton distribution
functions on the quantities of the system of the two-fluid model. The relation between the fourth-
order moments, r⊥⊥, r⊥‖, r‖‖ (Equations 17, 18, and 19) and main quantities (n, p, T , U , etc.), are
derived.
Suppose a straight flux tube with a magnetic field along the solar radius r. Then we have
bˆ.∇ ≡
∂
∂r
, ∇.bˆ =
1
a
∂a
∂r
, (22)
where a is the cross section of the flux tube (Kopp & Holzer 1976). Additionally, we assume all the
quantities are the function of solar radii (r) (along with the axis of the flux tube) and are considered
as axially symmetric (independent of φ in cylindrical coordinate).
The continuity, momentum, and pressure equations, which are the same for both electrons and
protons, are derived from the zeroth- to second-order moments of the Vlasov equation. Owing to
the different nature of the distributions for electrons and protons, the equations for the electron heat
flux are different from the proton heat flux.
The set of variables depending on the time (t) and radial coordinate (r) comprises the following:
number density n (proton or electron), outflow velocity U (proton or electron), perpendicular and
parallel electron temperatures T⊥e and T‖e, perpendicular and parallel proton temperatures T⊥p and
T‖p, electron heat fluxes q⊥e and q‖e, proton heat fluxes q⊥p and q‖p, and wave energy EW .
Using Equation (22), the continuity equation (Equation 4) gives
dn
dt
= −
n
a
∂
∂r
(aU), n = np = ne. (23)
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Substituting the pressure tensor from Equation (6) with the momentum equation (Equation 5), and
after some algebra manipulation, one finds
dU
dt
= −
kB
ρ
∂
∂r
(
n(T‖e + T‖p)
)
+
kB[(T⊥p − T‖p) + (T⊥e − T‖e)]
mpa
∂a
∂r
−
GM⊙
r2
−
1
2ρ
∂EW
∂r
. (24)
By calculating the fourth-order moments (Equations 17 - 19)) according to the related distribution
function, we find parallel and perpendicular electron heat fluxes:
ρ2
d
dt
(
q⊥e
ρ2
) + νeq⊥e = −
nk2BT‖e
me
∂T⊥e
∂r
+
nk2BT⊥e(T⊥e − T‖e)
mea
∂a
∂r
, (25)
ρ4
B3
d
dt
(
B3q‖e
ρ4
)
+ νeq‖e=+
3n2k2BT
2
‖e
(5− 2κ)ρ
1
a
∂a
∂r
+
3(2κ− 1)
2(5− 2κ)
n2k2BT‖e
ρ
∂T‖e
∂r
+
3
(5− 2κ)
nk2BT
2
‖e
ρ
∂n
∂r
. (26)
The proton heat flux equations are given by (e.g., Chandran et al. 2011)
ρ2
d
dt
(
q⊥p
ρ2
) + νpq⊥p = −
nk2BT‖p
mp
∂T⊥p
∂r
+
nk2BT⊥p(T⊥p − T‖p)
mpa
∂a
∂r
, (27)
n4
B3
d
dt
(
B3q‖p
n4
)
+ νpq‖p = −
3nk2BT‖p
2mp
∂T‖p
∂r
. (28)
Now, we use the temperatures instead of the pressures in the equations for both electrons and protons.
This can be done by substituting p⊥ = nkBT⊥ and p‖ = nkBT‖ in Equations (11) and (12) for electron
temperatures,
BnkB
d
dt
(
T⊥e
B
)=Q⊥e −
1
a2
∂
∂r
(a2q⊥e) +
1
3
νenkB(T‖e − T⊥e)
+2νepnkB(Tp − T⊥e), (29)
n3kB
2B2
d
dt
(
B2T‖e
n2
) = Q‖e −
1
a
∂
∂r
(aq‖e) +
q⊥e
a
∂a
∂r
+
1
3
νenkB(T⊥e − T‖e) + νepnkB(Tp − T‖e). (30)
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The parallel and perpendicular components of the proton temperature obey the following equations:
BnkB
d
dt
(
T⊥p
B
)=Q⊥p −
1
a2
∂
∂r
(a2q⊥p) +
1
3
νpnkB(T‖p − T⊥p)
+2νpenkB(Te − T⊥p), (31)
n3kB
2B2
d
dt
(
B2T‖p
n2
) = Q‖p −
1
a
∂
∂r
(aq‖p) +
q⊥p
a
∂a
∂r
+
1
3
νpnkB(T⊥p − T‖p) + νpenkB(Te − T‖p). (32)
In Equations (29)-(32), the quantities (Q⊥e, Q‖e) and (Q⊥p, Q‖p) are the heating rates per unit
volume for electrons and protons, respectively. In Section 4, the details of heating rates are given.
Finally, the last equation for wave energy EW is given by (Dewar 1970)
∂EW
∂t
+
1
a
∂
∂r
[a(U + vA)EW ] +
EW
2a
∂
∂r
(aU) = −Q, (33)
where the Alfve´n speed is vA =
B√
4piρ
, the total heating rate is Q = Q⊥e +Q‖e +Q⊥p +Q‖p, and the
total temperature is defined as T =
T‖+2T⊥
3
. Using Equations (24) and (29)- (33), the total energy
equation is obtained:
∂Etot
∂t
+
1
a
∂
∂r
(aFtot) = 0, (34)
where Etot is the total energy density and is defined as
Etot =
ρU2
2
−
GM⊙ρ
r
+ nkB(T⊥e +
T‖e
2
+ T⊥p +
T‖p
2
) + EW , (35)
and Ftot is the total energy flux and is defined as
Ftot =
ρU3
2
−
UGM⊙ρ
r
+ UnkB(T⊥e +
3T‖e
2
+ T⊥p +
3T‖p
2
)
+ qtotal + (
3U
2
+ vA)EW , (36)
where qtot = q⊥e + q⊥p + q‖e + q‖p. In Equation (36), the first, second, third, and last terms are
the kinetic energy flux, gravitational potential energy, enthalpy flux, and Alfve´n wave enthalpy flux,
respectively.
In the steady state, ∂Etot
∂t
= 0, the total energy flux is conserved and constant along the flux tube
(solar radius).
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2.1. The Limit of Large κ
Generally, observations of the space plasma showed that the tail of the distribution is likely to be the
power-law function. It is important to use the Kappa distribution as a non-Maxwellian distribution
for such plasmas. The Kappa distribution approach to the Maxwellian distribution for large κ index
(κ tends to ∞) and for finite κ differs from the Maxwellian. Therefore, we expect that, in the limit
of large κ, the set of equations derived in the presence of the Kappa-Maxwellian approach to the
Bi-Maxwellian set.
The parallel component of the electron heat flux (Equation 26) with the Kappa-Maxwellian distri-
bution has an explicit dependency on the κ index. In the limit of the large κ, and by setting ρ = mpn,
the equation for the parallel electron heat flux Equation (26) can be rewritten as
n4
B3
d
dt
(
B3q‖e
n4
)
+ νeq‖e = −
3n2k2BT‖e
2ρ
∂T‖e
∂r
, (37)
Equation (37) has the same form for the parallel heat flux obtained for the Bi-Maxwellian distribution
function. Other quantities are coupled with the electron heat flux and depend on the κ index.
3. INSTABILITIES DRIVEN BY TEMPERATURE ANISOTROPY
Anisotropic behavior of the temperature of particles (electron and proton) leads to plasma insta-
bilities (Gary & Wang 1996; Shaaban et al. 2017). The proton and electron temperature anisotropy
ratios are defined by Rp = T⊥p/T‖p and Re = T⊥e/T‖e, respectively. Observations show that for
plasma stability, these ratios should remain in the specific ranges. The oblique firehose and mirror
instabilities restrict the Rp for the lower and upper limits for protons. Also, mirror and Whistler insta-
bilities control the lower and upper limits of the Re for electrons (Kalman et al. 1968; Gary & Wang
1996; Kasper et al. 2002; Gary & Karimabadi 2006; Hellinger et al. 2006; Bale et al. 2009). The val-
ues of both Rp and Re are related to the plasma beta parameter (β‖). In the case of γmax 6 10−3Ωp,
where γmax is the maximum growth rate of instabilities and Ωp is the proton cyclotron frequency, the
relations for instabilities (mirror and oblique firehose) of protons temperature anisotropy are given
by
Rp,m = 1 + 0.77(β‖p + 0.016)−0.76, Rp,f = 1− 1.4(β‖p + 0.11)−1, (38)
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in which β‖p =
8pinkBT‖p
B2
(Hellinger et al. 2006). The instabilities (Whistler and mirror) for electrons
temperature anisotropy are given by
Re,w = 1 + 0.15β
−0.56
‖e , Re,m = 1 + 0.53β
−0.64
‖e , (39)
where β‖e =
8pinkBT‖e
B2
(Gary & Karimabadi 2006).
Following Chandran et al. (2011), we insert the temperature-driven anisotropy effects in terms of
νinst for protons as follows:
νp,inst = ν0 exp
(
12(Rp − Rp,m)
Rp,m
)
+ ν0 exp
(
12(R¯p,f − Rp)
R¯p,f
)
, R¯p,f = max(Rp,f , 10
−6), (40)
and νe,inst for electrons is as follows:
νe,inst = ν0 exp
(
12(Re − Re,w)
Re,w
)
+ ν0 exp
(
12(Re,m −Re)
Re,m
)
, (41)
where ν0 = 0.02
√
GM⊙/R3⊙. Finally, νp and νe are defined as
νp = νpp + νp,inst , νe = νee + νe,inst, (42)
in which νpp and νee are the proton-proton and electron-electron Coulomb collision frequency (Schunk
1975).
4. HEATING RATES
The nature of the turbulence dissipation of the solar wind is not yet to be well understood, but
observations and analytical calculations have verified the Alfve´nic turbulence effects in the damp-
ing mechanisms (e.g, Jiang et al. 2009; Chen et al. 2010; Vranjes & Poedts 2010; Salem et al. 2012;
TenBarge et al. 2013; Meng et al. 2015; Wu et al. 2016; Schreiner & Saur 2017).
For the plasma with spatial scales much larger than the particle’s mean free path, the MHD
approach provides a suitable description of the propagation without damping the fast, intermediate
(Alfve´n), and slow modes. Hence, undamped plasma waves cascade to the small scales.
In general, an Alfve´n wave is a type of MHD waves in which the ions vibrate due to the disturbing
of the magnetic field lines in a magnetized plasma. Both transverse and longitudinal Alfve´n waves
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have been detected (e.g., Hollweg 1981; Amagishi 1986). In transverse Alfve´n waves (shear Alfve´n
wave) both the disturbance of the magnetic field and the motion of ions are in the same direction
and perpendicular to the direction of the wave vector (propagation direction) (Alfve´n & Lindblad
1947; Cramer 2011; Priest 2014; Esmaeili et al. 2016).
The Alfve´n modes remain undamped until the structures of the plasma reach the size of the proton
gyroradius. The KAW fluctuations appear in the turbulence cascades of Alfve´n waves and move
their fluid scale to the smaller structures (kinetic scale) (Zhao et al. 2011; Gershman et al. 2017),
thus creating non-thermal particles. For more details, see Howes (2008, 2015), Howes et al. (2011).
Depending on the dissipation mechanism, the total heating rate Q is divided between the electrons
(Q⊥e, Q‖e) and protons (Q⊥p, Q‖p). The contribution of each species to the total heating rate could
be calculated by a numerical solution of the dispersion relation for the Alfve´n wave.
By linearizing the Maxwell equations, the following dispersion relation is given in the Fourier space
(ω, k) (e,g., Quataert 1998; Stix 1992) as,
k× (k× E) +
ω2
c2
ǫ.E = 0, (43)
where E, ǫ, k, ω, and c represent the electric field perturbation, dielectric tensor, wave vector, wave
frequency, and light speed, respectively. The dielectric tensor is related to the susceptibility tensor
by
ǫij = δij +
∑
s
χsij. (44)
The components of the susceptibility tensor are computed by Cattaert et al. (2007). To study the
Alfve´n wave and KAW interactions with plasma particles, we consider two ranges: k⊥ρp ∼ 1 (for
protons) and k⊥ρp ≫ 1 (for electrons). The parallel wavenumber (k‖) is obtained by the criti-
cal balance condition (Goldreich & Sridhar 1995; Cho & Vishniac 2000; Maron & Goldreich 2001;
TenBarge & Howes 2012). Stix (1992) calculate particle damping rates. Following Chandran et al.
(2011), we calculate the parallel and perpendicular components of the electron and proton heating
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rates as
Q‖e =
(1 + γ‖etc)Q
1 + γtottc
, (45)
Q⊥e =
γ⊥etcQ
1 + γtottc
, (46)
Q‖p =
γ‖ptcQ
1 + γtottc
, (47)
Q⊥p =
γ⊥ptcQ
1 + γtottc
, (48)
where tc = ρδv
2
p/Q is the time that the energy cascades at the scale k⊥ρp = 1. δvp is the root mean
square (rms) of the Alfve´n and/or KAW fluctuations.
Total heating rate per unit volume is introduced by Chandran et al. (2011) as
Q =
cdρz
−
rms(z
+
rms)
2
4L⊥
, (49)
where cd = 0.75 is a dimensionless number, and z
−
rms and z
+
rms are the Elsasser variables that satisfy
the following equations:
EW =
ρ(z+rms)
2
4
, (50)
z−rms =
L⊥(U + vA)
vA
|
∂vA
∂r
|. (51)
L⊥ is the correlation length scale due to the Alfve´nic fluctuations.
5. NUMERICAL METHOD
In this study, we build a system of coupled nonlinear partial differential equations (Equations 23-33)
in the following general form:
∂ψ(x, t)
∂t
= L(ψ(x, t)), (52)
where ψ(x, t) and L are the vector of quantities and partial differential operator, respectively. We
convert Equation (52) to the Euler frame, and then discretize the equation(s) using the finite difference
method in the spatial dimension by the mid-point approximation and forward in time as (Recktenwald
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2004; Meis & Marcowitz 2012; Thomas 2013),
∂ψ(x, t)
∂x
≈
ψji+1 − ψ
j
i−1
xi+1 − xi−1
(53)
∂ψ(x, t)
∂t
≈
ψj+1i − ψ
j
i
tj+1 − tj
where the i and j indices represent the spatial and time steps, respectively. To solve the system of
partial differential equations (Equations 24-33), we implement the ICN method (Leiler & Rezzolla
2006), which is based on the prediction, correction, and averaging of the quantities.
The Crank-Nicolson method has second-order accuracy in both time and space (Teukolsky 2000). In
the method, two iterations are used to solve the Equation (52). These two steps produce the iterative
equations
(1)ψ˜n+1i = ψ
n
i +∆tL(ψ
n
m), (54)
(1)ψ¯
n+1/2
i ≡
1
2
((1)
ψ˜n+1i + ψ
n
i
)
, (55)
(2)ψ˜n+1i = ψ
n
i +∆tL
((1)
ψ¯n+1/2m
)
, (56)
(2)ψ¯
n+1/2
i ≡
1
2
((2)
ψ˜n+1i + ψ
n
i
)
, (57)
ψn+1i = ψ
n
i +∆tL
((2)
ψ¯n+1/2m
)
, (58)
where ψ˜ and ψ¯ are the predicted-corrected and averaged functions, respectively. The value of the
index m depends on the order of operator L and second-order accuracy. For the first-order spatial
derivative, we choose m = i± 1. Each time step is adopted considering the stability condition of the
ICN method.
To avoid the non-physical oscillations and also to increase stability in ICN outputs, we add the
artificial diffusion term as −D ∂
2ψ
∂x2
to the right sides of equations, in which D is a positive constant.
Empirically, we found that (a) the value of the diffusion constant need not all be equal for all
equations; (b) for small values of the diffusion constants (0 6 D 6 5), the computational algorithm
remains stable; (c) the diffusion terms for some quantities (e.g., fluid velocity, temperatures) are more
important than those for others (e.g., number density).
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We use a logarithmic grid in the space (r) with a growing size by increasing the distance from
the origin due to rapid changes in the physical quantities near the Sun. The parameter ri (i =
0, 1, 2, ..., N+1) extends from one solar radius (1 R⊙) to one astronomical unit (1 AU). For a suitable
computational time, we set the number of grids to N = 2000.
5.1. Initial and Boundary Conditions
We choose the following initial conditions (at t = 0) (Chandran et al. 2011) for all grid points from
r0 to rN+1 as
n = n⊙U0a⊙/(Ua), U0 = U(r0),
T⊥e = T‖e = T⊥p = T‖p = T⊙(3− 2R⊙/r)(r/R⊙)−2/7,
U = (655 km/s)(1 + 20(R⊙/r)3)−1,
EW = nmp(δv⊙)2,
q⊥p = q‖p = q⊥e = q‖e = 0.
We use the boundary conditions at r0 close to the Sun (Chandran et al. 2011),
n = n⊙ = 108 cm−3,
T‖e = T⊥e = T‖p = T⊥p = T⊙ = 7× 105 K,
EW = n⊙mp(δv⊙)2, δv⊙ = 41.4 km/s.
The rest value of the quantities (q‖e, q⊥e, q‖p, q⊥p, U) at r0 is linearly extrapolated from their values
in the next two grid points (r1 and r2). Also, the open boundary condition at rN+1 is applied.
6. NUMERICAL RESULTS
Here, we study the time and space evolution of the fast solar wind quantities (n, U, T⊥p, T‖p, T⊥e, T‖e,
q⊥p, q‖p, q⊥e, q‖e, EW ) by applying the two-fluid model in the kinetic theory framework.
Using the Bi-Maxwellian distribution function for protons and Kappa-Maxwellian distribution for
electrons, the 11 coupled equations are derived. The numerical solution of the 11 coupled equations
for different κ index (κ=2, 5, 7, 30) is studied.
Figure 2 represents spatial variations of the electron and proton number densities (assumed to be
equal, ne = np = n) from the Sun to the near Earth. The number density decreases approximately
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from 108 cm−3 close the Sun to 1.67, 1.86, 2.16, and 2.61 cm−3 in near the Earth environment for
κ=2, 5, 7, and 30, respectively. Near the Earth, the density increases with increasing κ index. For
high κ index, the number density is in good agreement with observations recorded by Ulysses and
previous studies (e.g., Chandran et al. 2011).
Close to the Sun, the density is comparable to the observed data near the solar minimum (Allen & Cox
(2000), Table 14.19 therein). Power-law functions, n(r) ∼ r−α, with the exponents α ≈ (2.224%,
2.194%, 2.154%, and 2.04%) ± 0.04% are fitted to the number density at (0.3 - 1) AU for κ = 2, 5, 7,
and 30 at (0.3 - 1) AU from the Sun.
Figure 3 shows the profiles of the fast solar wind speed U and the Alfve´n speed VA for different
κ indices. Close to the Sun, outflow and Alfve´n velocities decrease with decreasing κ. Expectedly,
for large κ the results are in agreement with the Maxwellian model for electrons (Chandran et al.
2011). The position of the Alfve´n critical point (at this point the outflow velocity reaches the Alfve´n
velocity) is obtained as rA/R⊙ = 8.5, 8.4, 8.33, and 8.31 for κ = 2, 5, 7, and 30, respectively. We
obtain the U(rA) = 601.45, 615.55, 619.18, and 617.47 km/s, respectively. The outflow velocities are
obtained as U(rAU) ≈ 822.85, 816.38, 806.36, and 804.63 km/s near the Earth environment. The
simulated Alfve´n velocity near the Earth is in agreement with the observational values ranging from
4.2 to 160.5 km/s at (0.3 - 0.7) AU (Marsch et al. 1982).
The parallel and perpendicular components of both proton and electron temperatures are demon-
strated in Figures 4, and 5, respectively. It is clearly shown that the proton temperature in each
direction increases with increasing κ index. From the Sun to about r ≈ 26R⊙ the T⊥p is signifi-
cantly more than T‖p for all κ. In region 26 < r/R⊙ < 36 the parallel temperature rises above the
perpendicular component, which, is in agreement with Chandran et al. (2011).
Close to the Sun, the two components of electron temperatures are approximately the same. For
small κ the high million kelvin temperatures for electrons are in good agreement with both obser-
vations and a previous study (e.g., Zouganelis et al. 2004) at the solar atmosphere. Expectedly,
close the Sun the Maxwellian behavior for electrons is obtained for large κ (e.g., Chandran et al.
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2011). The difference between the two components of the temperatures increases after about
r/R⊙ ≈ 3.92, 4.06, 4.25, and 4.7 for κ = 2, 5, 7, and 30, respectively.
Observations show that T‖e/T⊥e tends to 1.2 in near the Earth environment, (e.g., Feldman et al.
1975; Pilipp et al. 1987; Sˇtvera´K et al. 2008). We find this ratio to be about T‖e/T⊥e= 1.1, 1.06,
1.05, and 1.02 for κ = 2, 5, 7, and 30, respectively, at 1 AU from the Sun. For both components, the
exponents of the fitted power-law functions (T ≈ r−α) at a distance (0.3 - 1) AU are shown in Figure
5.
Figure 6 shows the heating rate ratio (the ratio of the turbulent heating rate to the total heating
rate) for both components of the electrons (Q‖e/Q,Q⊥e/Q) and protons (Q‖p/Q,Q⊥p/Q), and the
total heating rate for electrons (Qe/Q) for different κ indices. The cures present the behavior of
the energy exchanges between the shear Alfve´n wave (and/or KAW) and the particles. As shown in
the figure, close the Sun most of the wave-dissipated energy is absorbed by electrons in the parallel
direction. Also, the absorbed energy increases with decreasing κ index. The absorbed energy by
protons (Q‖p/Q,Q⊥p/Q) and electrons (Q⊥e/Q) increases with increasing distance from the Sun (r).
Expectedly, for large κ index, both components of proton heating rates and the total heating rate
for electrons are in good agreement with the previous study (e.g. Chandran et al. 2011). It is shown
that the total turbulent heating rates (Q‖e/Q+Q⊥e/Q+Q‖p/Q+Q⊥p/Q) approaches the unity.
The behaviors of the heat flux components (parallel and perpendicular) for both protons and
electrons are represented in Figures 7, and 8, respectively. Both components of the proton heat flux
decrease with decreasing κ. Near the Earth, the parallel component of proton heat flux is larger than
the perpendicular component for all κ. The free-streaming heat flux for proton is given by (Equation
59),
qfs,p = 1.5nkBTpvtp, (59)
where vtp =
√
kBTp/mp. As we see in the figure, qfs,p decreases with decreasing κ. It is clearly shown
that q⊥p and q‖p are smaller than free-streaming heat flux from the Sun to near the Earth.
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The perpendicular and parallel component of the electron heat flux increase with decreasing κ.
Generally, the electron heat flux in the perpendicular direction is significantly more than the parallel
one for all κ. Also, close to the Sun, the total electron heat flux (qe =
2q⊥e+q‖e
3
) is approximately
equal to the Spitzer approximation (Spitzer Jr & Ha¨rm 1953),
qsh = −κe0T
5/2
e
∂Te
∂r
, (60)
where κ0e =
1.84×10−5
ln Λ
erg s−1K−7/2cm−1, and lnΛ is the Coulomb logarithm. Near the Earth, the
electron heat flux tends to the electron free-streaming heat flux as
qfs,e = 1.5nkBTevte, (61)
where vte =
√
kBTe/me, and is comparable with Helios data for electron heat flux at 1 AU
(Le Chat et al. 2012). A considerable difference between the parallel and perpendicular compo-
nents of electron heat flux may be related to the wave-particle interactions in plasma (Figure 6) and
also the non-Maxwellian distribution for electrons. According to Figure 6, the absorbed energy of
electrons (in wave-particle interactions) decreases in the parallel direction but increases in the per-
pendicular direction from the Sun to Earth. Another factor affecting this difference may be related
to transporting the electron energy from the parallel to the perpendicular direction (Sˇtvera´k et al.
2015). The power exponents α⊥ , α‖ for the power-law function fitted to the fluxes at (0.3 - 1) AU
are presented in Figure 8. The value of the electron and proton heat fluxes, temperatures, and solar
wind energy fluxes for various κ indices at 1 AU are listed in Table 1.
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Table 1. The Components of Heat Flux for Electrons and Protons, the Components of Temperature for
Electrons and Protons, and the Total Energy Flux for Different κ (at 1 AU) Are Tabulated.
κ Index 2 5 7 30
q‖e(W/m2) 8.3 × 10−13 5.86 × 10−13 4.45 × 10−13 3.3× 10−13
q⊥e(W/m2) 1.12 × 10−5 8.3× 10−6 7.5 × 10−6 6.99× 10−6
q‖p(W/m2) 7.83 × 10−11 8.01 × 10−11 8.3× 10−11 8.7× 10−11
q⊥p(W/m2) 2.19 × 10−11 3.14 × 10−11 3.5× 10−11 4.1× 10−11
T‖e(K) 1.64 × 105 1.32 × 105 1.09 × 105 9.32 × 104
T⊥e(K) 1.54 × 105 1.25 × 105 1.01 × 105 9.14 × 104
T‖p(K) 1.6× 105 1.7 × 105 1.8× 105 1.9× 105
T⊥p(K) 1.16 × 105 1.37 × 105 1.52 × 105 1.6× 105
Ftot(W/m
2) 7.8× 10−4 8.5× 10−4 9.5 × 10−4 1.1 × 10−3
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7. CONCLUSION
Electrons and protons are the main components of the solar wind, so the two-fluid model in the
presence of some kinetic effects is useful to study the characteristics of the system. Observational
proofs, such as the anisotropic behavior of the temperature of the solar wind electrons, show that
the electrons distribution deviates from the well-known Maxwellian distribution.
In this paper, we provided a two-fluid model for the solar wind consisting of the Bi-Maxwellian distri-
bution for protons and the Kappa-Maxwellian distribution for electrons. As the Kappa distribution
function might tend to the Maxwellian in the limit of the large κ index, the small κ (less than 5)
showed more deviation from the Maxwellian.
We derived 11 coupled equations for fast solar wind model quantities, namely n, U, T⊥p, T‖p, T⊥e,
T‖e, q⊥p, q‖p, q⊥e, q‖e, EW . To this end, we calculated the velocity space moments up to the fourth or-
der. The functional forms of the six equations (Equations 23, 27, 28, 31-33) have the same form seen
in Chandran et al. (2011), which was derived for the Bi-Maxwellian protons. We also presented five
new equations (Equations 24-26, 29, and 30) in the presence of the Kappa-Maxwellian distribution
for electrons. The κ changing from 1.5 to infinity is a characteristic of the Kappa distribution and is
considered as a free parameter for the present model.
We showed that in the limit of the large κ, the equation for electron parallel heat flux (Equation
28) behaves like the equation for the proton parallel heat flux (Equation 26), which derived in the
presence of the Maxwellian distribution for electrons. We also used the Landau damping model for
the exchange of energies between the particles and waves (shear Alfve´n wave).
Applying the initial and boundary conditions, and the ICN numerical method, the set of equations
were solved. The main results are as follows:
1. Expectedly, the number density n(r) (assumed to be equal for electrons and protons) shows the
scale-free behavior and decreases with increasing the distance from the Sun. The power-law
exponent (α) for the density at (0.3 - 1) AU was obtained as ∼ 2.0 - 2.3 for different κ, which
is in agreement with observations recorded by Helios (Sˇtvera´k et al. 2015). This power-law
behavior may be related to the nature of the Kappa distribution. The power-law behavior
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for the number density was reported in the literature (e.g., Erickson 1964; Allen & Cox 2000;
Sˇtvera´k et al. 2015). Also, near the Earth, the number density decreases with decreasing κ
index.
2. The outflow speed increases with increasing distance from the Sun (r), while the Alfve´n velocity
decreases with r. For small κ index, the Alfve´nic critical point occurs at a distance close to
the Sun. It seems the solution for solar wind flow is analogous to the properties of plasma flow
in the Alfve´nic black hole. An Alfve´nic black hole may be created using a magnetic flux tube
with a variable cross section and super-Alfve´nic flow. Using the linearized MHD equations
in the presence of super-Alfve´nic plasma flow, a tensorial form of the Alfve´n waves (with an
accompanying metric) was obtained (Gheibi et al. 2018). The resultant metric is singular at a
point (horizon of black hole) where the local Alfve´n speed is equal to flow speed. The horizon of
the Alfve´nic black hole is likely similar to the critical Alfve´nic point in the solar wind solution.
In the solar wind solution, from the lower solar atmosphere (lower corona) the flow starts to
accelerate (with considerable acceleration dU/dr > 0) and at the critical Alfve´nic point (like
to the horizon of the Alfve´nic black hole), the flow speed equals to the Alfve´nic speed and
continuous to very slightly accelerate and approach approximately constant speed far from
the Sun as the flux tube diverges. Close to the Sun, the fast solar wind propagates with low
speeds for small κ (Figure 2). But near the Earth, high speed is related to the small κ. We
found the outflow speed is in the range of 804-822 km/s (near the Earth) and satisfies with
the observational data (Bame et al. 1993; Feldman et al. 2005). Expectedly, for large κ, the
value of the outflow speed is in good agreement with Chandran et al. (2011), who they used a
Maxwellian distribution for electrons.
3. Close to the Sun and for κ around 7, the proton temperature is in consistent with the obser-
vational value (Figure 4). This is also in agreement with Pierrard et al. (2016), who modeled
the electrons close to the Sun. The parallel and perpendicular components of the electron
temperature for κ=7 are also comparable with observations. Getting away from the Sun, small
24 Taran, Safari, Daei
κ shows temperatures of several million kelvin for electrons (Zouganelis et al. 2004). This high
temperature is related to the extraordinary nature of the solar atmosphere (corona). Near the
Earth and for small κ, the value of the electron temperature ratio (T‖e/T⊥e) was obtained as
about 1.1, which is in agreement with observationas (Sˇtvera´K et al. 2008).
4. The perpendicular and parallel heat flux components of electrons increase with decreasing κ
index. The electron heat flux approximately is comparable with the free-streaming analytical
curve (collisionless regime) near the Earth and the Spitzer-Ha¨rm solution (Collisional regime)
near the Sun.
Finally, this study shows that while some of the observational quantities (e.g., electron and proton
temperature) are well modeled with κ=7 close to the Sun and far away from the Sun (near the
Earth), other quantities (e.g., the temperature ratio for electrons) are satisfied with a small κ index
(less than 5). Thus, this study encourages us to develop the multi-index models including three or
more κ indices ( large κ close the Sun and small near the Earth) for the fast solar wind.
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Figure 1. Left: an image at 171 A˚ observed by the SolarDynamic Observatory(SDO)/Atmospheric
Imaging Assembly (AIA) on 2013:07:07. Right: a schematic representation of an open magnetic flux tube
on the Sun. The parameters a⊙ and a(r) are the cross section of the flux tube on the photosphere and at a
distance r from the Sun, respectively.
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Figure 2. Number density for κ = 2, 5, 7, and 30 vs the distances (r/R⊙). The filled circle (•) is mean proton
density measured by Ulysses at its first orbit (McComas et al. 2000). The (Hs) show the polar coronal hole
observed data near the solar minimum (Allen & Cox 2000). The exponent of the fitted power-law function
to the density at (0.3 - 1) AU is presented for all κ.
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Figure 3. The solid lines are solar wind outflow velocities and the dashed lines are the Alfve´n velocities
for κ = 2, 5, 7, and 30 from the Sun to near the Earth. The (∗s) show the Helios data reported for the fast
solar wind (Marsch et al. 1982). The inset box shows the dependency of the velocities on the κ index close
to the Sun and near the Earth.
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Figure 4. The solid lines represent the perpendicular temperature and the dashed lines represent the
parallel temperature for protons for κ = 2, 5, 7, and 30 vs the distance from the Sun. The (∗s) and (◦s) show
the Helios data reported for parallel and perpendicular temperatures for the fast solar wind, respectively
(Marsch et al. 1982), the (Hs) show the UVCS/SoHO data for the proton temperature, the power-law
indices (α⊥ ,α‖) for all κ are presented.
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Figure 5. The solid lines are perpendicular temperature and the dashed lines are the parallel temperature
for electrons for κ = 2, 5, 7, and 30 from the Sun to the Earth. The (▽s) show the SoHO/SUMER data
of electron temperature in a polar coronal hole (Landi 2008) and the square () is the mean electron
temperature for the fast solar wind that measured by ISEE 3 and Ulysses Newbury et al. (1998). α⊥ and
α‖ are the power-law indices for κ = 2, 5, 7, and 30 at (0.3 - 1)AU.
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Figure 6. Ratio of the turbulence heating rates of electrons and protons (‖,⊥) and total heating rate for
electrons for κ = 2, 5, 7, and 30. The inset box shows the variability of the mentioned parameters close to
the Sun.
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Figure 7. The perpendicular heat flux (q⊥p), the parallel heat flux (q‖p), and the free-streaming analytical
calculation (qfs,p) of the protons are presented. The power-law indices (α⊥ ,α‖) for different κ are presented.
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Figure 8. The perpendicular heat flux q⊥e, the parallel heat flux q‖e, the free-streaming analytical cal-
culation qfs,e, the Spitzer-Ha¨rm qsh heat flux, and the total heat flux qe =
2q⊥e+q‖e
3 for the electrons are
presented. The power-law exponents for the heat fluxes at (0.3 - 1) AU are obtained.
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